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We will answer these questions:

@ What are singular values and why are they more versatile than
eigenvalues?

@ How do you find the singular value decomposition?

@ What is an overdetermined system and when does it arise in
applications?

@ What is the standard way to solve an overdetermined system?

@ How can you use the SVD to solve overdetermined systems and why
would you want to?
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Linear Algebra Review |
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The product C = AB can be viewed by columns

Each column of C is the product of A with the corresponding column of B:

Col;(C) = A - Col,(B)

o

Ci = Abj
This will be useful later. m
o = = = = wac



@ Let I be an n x n identity matrix

@ We define ¢; to the i column of I
@ Consider the multiplication Ae;

a b c| |1 a
g h i] |0 g

Ael =

where g; is the i column of A
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Definition: Eigenvalues and Eigenvectors
For a matrix A, the scalar-vector pairs (A, v) such that

Av = Ao, v#0

are eigenvalue-eigenvectors.

@ To find the eigenvalues, we find the roots of the characteristic
polynomial
p(A) :=det(AI — A)

@ We can only find eigenvalues for square matrices
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Definition: Orthogonality
A square matrix U is orthogonal if UTU = UUT = 1. J

@ Each row and column of U has norm 1

@ The columns of U are an orthonormal set of vectors
@ The rows of U are an orthonormal set of vectors
eu'=Ur

@ They are norm preserving: |Uv|| = ||v||

This will be useful later.




Consider the matrix

0 -1

a=[7 5]

@ The inverse is 0 1
-1 __ _ AT
ar [0 Y oa

o Ifweletx =3 4]T, then

et =3 =50 v

@ The matrix A is orthogonal
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@ Image files are actually matrices
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@ Eigenvalues of images used to be prominent in face recognition

@ Similar eigenvalues, eigenvectors — similar faces
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impossible?

What if the image was not n x n? Does that mean facial recognition is

@ Finding eigenvalues is only possible for n x n matrices

@ If we can’t find eigenvalues, facial recognition is not possible
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Limitations of Eigenvalues

What if the image was not n x n? Does that mean facial recognition is
impossible?

@ Finding eigenvalues is only possible for n x n matrices
@ If we can’t find eigenvalues, facial recognition is not possible

@ However... AAT and AT A are both always square matrices.

Even if an image is rectangular, we can still find the eigenvalues of AAT which
is always a square.
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Singular Value Decomposition |
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@ Consider the rectangular matrix A

A

@ The matrix AAT is square

5 11 17
AAT = |11 25 39
17 39 61

@ The matrix ATA is also square

ATA — [35 44]

44 56

Key Idea
Even if A doesn’t have eigenvalues, AAT and ATA do have eigenvalues.




Definition: Singular Values
The singular values of an m x n matrix A are

0-1!0-2!---10-71

where r = min(m, n) and the o’s are square roots of the eigenvalues of ATA or
AAT.

@ Calculate AAT or ATA (whichever is smaller).
@ Find the eigenvalues of that matrix.
© Take the square root of those eigenvalues.
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Find the singular values of

1 0
A=1|1 2
0 1

@ Calculate B= ATA sinceits 2 x 2

10
o, 110 22
B_AA_[O 2 1]!2) %]_[2 2

@ Find eigenvalues of B

A—=2 2

det(AB—T) = ‘ I

‘ =N —4A+4—-4=AA—-4)=0 = A=0,4

@ Take the square root of the eigenvalues T,
M
0'1 fd \/Z fg 2’ ()'2 ft \/6 fd 0
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Definition: SVD
SVD is the factorization of A € R"™*" in the form A = USVT, where U (m x m)
and V (n x n) are orthogonal and S (m x n) is a diagonal matrix containing the

singular values of A

9-120-22"'20-r>0-r+1:"':0_p:0

unspecified zero

where r = rank(A) and p = min(m, n).
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o If Ais a4 x 2 matrix

Uip Uiz Uiz
A=UsvT = Up1 U Uz
Uz Uz Usz
Uy Ugr  Ugs

@ If Ais a2 x 3 matrix

A=USVT = [”“

Uz| |01
up; uxp| |0

@ A has p =2 singular values o7 and o,
@ IfAisrank 1,then 0, =0

U4 01 0
uy| |0 o2 [vn
U3y 0 0 U21
Ugq 0 0
0 (%
0 0 vll Z)12
0s 0 21 22
031 U3
o =

T
012
022

013
023
U33
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@ Search Technology: find closely related documents or images

@ Clustering: aggregate documents or images into similar groups
© Compression: efficient image storage

© Principal axis: find the main axis of a solid (engineering/graphics)
@ Key words: identify best search tags for text

© Graphs: partition graphs into subgraphs (graphics, analysis)

@ Least squares
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Calculating the SVD |
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For a matrix A € R™*", calculate the decomposition
A=UsvT

where
@ S is diagonal and contains the singular values of A
@ U is orthogonal
@ Vs orthogonal

Let’s derive a formula for each matrix
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@ Calculate B = ATA or B = AAT (choose the smaller one)
@ Find all eigenvalues of B by solving

det(AI—B) =0

@ Calculate the square root of the eigenvalues

o= VA
01
S = o,
0 )
o = = = = wac



@ Begin with the SVD of A:
A=Uusv?’

@ Next, calculate AAT:

AAT =usvTusvhT
=usvrvstur
=usvrvystur
= usstu’

© Therefore, (letting S? := SST) we have

AATU = US?
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© Consider the RHS of AATU = US?
i
us*=u
O

= U [e101le202] - - - lew o]

= [u101|u20'2| ce |um0m]

@ The column view gives of AATU = US? is

AATui = ofui
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What is the significance of this equation?

AATu; = o?u;

AAT ; = o i
~— ~~ ~~
matrix vector scalar

~~

same vector
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What is the significance of this equation?

AATu,‘ = 012 U
AAT u; = o? u;
- ~~ ~~ ~~
matrix vector scalal same vector
B v = A v
Key ldea

The columns of U are the eigenvectors of AAT!
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@ Compute B = AAT, ensuring B € R"*™,
@ Solve the eigenvalue equation for B:

det(AI—B) =0
to find the eigenvalues A1, Az,

ey A
© Compute the eigenvectors of B, denoted as uy, uy,
© Normalize each eigenvector:

U

u;
w=—

[ |

@ Form U as the matrix with these normalized eigenvectors as columns:

U]

[m]
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@ The SVD of A:
A=UsvT

implies:
ATA = (usvhHTusv? = vsTsvT

© Therefore, (letting S? := STS) we have
ATAV = V$?
© The column view gives us
AT Av; = o?;

@ By definition, v; is an eigenvector for ATA
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V= [V] Vo
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@ Compute B = ATA, ensuring B € R**",
@ Solve the eigenvalue equation for B:

det(AI—B) =0
to find the eigenvalues A1, A7,

ey A
© Compute the eigenvectors of B, denoted as v, vy,
© Normalize each eigenvector:

R '

Vi
Vi =
C il

@ Form V as the matrix with these normalized eigenvectors as columns:

1
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_0_1 B
| | g - -
A= |u1 ... uy Oy
| | - B -
eigenvectors of AAT L 0_ eigenvectors of ATA

eigenvalues of both

@ Compute ATA

@ Find the eigenvalues of ATA (these are ¢?)

© Find the orthonormal eigenvectors of ATA (these are the rows of VT)
©Q Compute AAT

@ Find the orthonormal eigenvectors of AAT (these are the columns of U)



Find the SVD of

First construct ATA:
r, [2 12 —2] [5 -3
AA—[—z 11 173 s
Eigenvalues: Ay =8 and A, = 2. So

52=[g g} = s:[zw2

Key ldea
It’'s important to sort the singular values from greatest to least.
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Now find VT and U. The columns of VT are the eigenvectors of ATA.
o A =8: (ATA — 7\11)01 =0

= [:g :g:| =0 = [(1) é:| =0 = v1= |:_11:| = [_\/32//22]
oA =2: (ATA — )\21)02 =0
= [_33 —33] =0 = [(1) —01} 1,=0 = 0vy,= H = [gg]

@ Finally:
Ve V2/2 V2/2
B [— V2/2 ﬁ/z}

Key ldea

You must make sure you normalize your eigenvectors. If an eigenvector has
mixed signs, stick to a convention, e.g. first element shall be positive.
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Now find U. The columns of U are the eigenvectors of AAT.
o A =8: (AAT —MDu; =0

0 0], _, o1 _, o ,_[
o -6/ =Y T o o™ = 1o

o\ =2: (AAT —NDu; =0

60 _, 1o, L o
o o"™=" T o o|*~ 271

o Finally:
- 9
@ Together:
a=lp P HLAR A R

o = = = T 9Dac



@ There is ambiguity in normalizing a vector v = [-3 4], it can be
»v=[-3/5 4/5]
»v=1[3/5 —4/5]

@ In the previous example,

i-[3 ) v

0 1]
are both orthogonal matrix, but only one will yield the correct SVD

@ Don't forget to sort the eigenvalues of AAT

@ Stick to convention, e.g. “first element of eigenvectors must be negative"
@ Verify that A = USVT




What makes SVD such a useful algorithm? I
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What makes SVD such a useful algorithm? I

@ SVD sorts the eigenvectors from most important to least important

01

o
(”l;vl)y (uz,Uz), L.

@ Since oy, > 0, > - -+ > 0y, the most important eigenvectors are
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Compression |
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@ A black and white photo is just a matrix A € R™*", n pixels wide and m
pixels tall:

@ The storage cost for A is mn bytes
@ If we decompose it as A = USVT, then we the cost is mm + nn + r bytes

How can we use SVD to save on memory cost? I
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@ Notice what A = USVT looks like:

A = 01u10] + 091p0; + -+ + Gyt 0) + Oty 10] g + -+ + Oupoy
@ This is easily truncated to

A= G1ulvlT + quzvg 4+ 4 Ururv,T
@ We can discard useless eigenvectors:

01

m

| |
A=1{u1 ... u
|

_ T
Oy
keep 7 columns
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@ Original matrix A € R™*":
Cost: mn bytes

@ If r =rank(A) then

Cost: r(m +n + 1) bytes

@ We can compress more aggressively
@ Keep only the top k singular values oy, ..., ok
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@ Choose some integer k < rank(A)
@ We can discard least important singular values

o1 - o -
A= Uy o Uy 0o --- Ok — v"{ —
| | 0 - 0 -
keep k columns
keep k rows

@ Costis k(m+n+1) bytes
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@ In Matlab, [U, S, V] = svd(’lena.bmp’)

@ Uncompressed 512 by 512 image file: 262144

@ Out of the 512 singular values... keep only 50

@ Compressed image: 50*(512 + 512 + 1) = 51250
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Analogy

SVD Image Compression Analogy ! 14

L

In use: full table (original image) Not in use: legs folded and stored (compressed representation)

Components: tabletop + 4 legs (basis components U, Z, V)

Figure: Using SVD to compress an image is like breaking off the legs and converm
to a fold-out table. NI
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