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We will answer these questions:

@ How do you construct a quadratic spline?

@ What is a cubic spline?

@ Is the cubic spline unique?

@ How do you construct a natural cubic spline?



@ Given: Set of points (t;, y;), Degree of smoothness d
@ Output: Continuous piecewise polynomial S(x)

@ Idea: Splines interpolate data and do not suffer from large fluctuations
between data points. The user controls the smoothness of the
interpolation.

@ User controls degree of smoothness
» d = 1: connect the dots
» d = 2: piecewise parabolas
» d = 3: piecewise cubics
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@ Constructing a spline means finding all 6 unknown coefficients in

So(x) =ax® +bx+c
Si(x) =dx® +ex+f

@ We may set up a linear system
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ax® +bx +c
dx* +ex +f

So(x)
S1(x)
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@ Nodes:
(-1,0) (0,—1), (1,0)

@ Interpolation at endpoints

So(—1) =0 = a—b+c=0
S0(0) =—1 = c=-1
51(0) = -1 = f=-1
S1(1) =0 — dte+f=0

@ Smoothness
S4(0) =5{(0) = b=e

@ Extra condition
So(-1)=0 = —2a+b=0
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@ System
a—b+c=0
c=-1
=-1
d+e+f=0
b—e=0
—2a+b=0
@ We may write this as
1 -1 1 0 0 O0]]Ja 0
0 0 1 0 0 off(b -1
0 0 00 0 1f]|c| |1
0 0 01 1 1f{(dl |oO
0 1 0 0 —1 0f|e 0
-2 1 00 0 O 0
@ The solution is . m
x=[10 -1 1 0 -1 '
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@ Since the solution is
T

x=[1 0 -1 1 0 —1]
@ The quadratic spline is given by
¥ -1, xe[-1,0]
-1, xel0,1]
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1 -1 10 0 0][a 0
00 10 0 0] [b| [
00 00 0 1| |a| [
00 01 1 1| |m| "0
01 00 —1 0||b 0
01 00 0 0]l|a 0

@ Setting up this system by hand is very awkward
@ Sparsity pattern is weird
@ Sizeis 3n

Key ldea

Solving for the coefficients directly is not scalable or structured.
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Instead of solving for coefficients, we change our unknowns.

Let
z; = S'(t), 1=0,1,...,n

be the slope of the spline at each node.

@ These values describe the shape of the spline
@ The slopes at the nodes can derive the spline pieces S;(x)

Key ldea
Instead of coefficients, we solve for the slopes at the nodes.




On each interval [t;, t;1], we want:

@ Si(t) =y
@ Si(titv1) =Yin
@ Si(t) =z

A quadratic polynomial is uniquely determined by:

value + slope at two points

Key ldea
Knowing vi, yit+1, zi, zi+1 determines S;(x) completely.




Example
Find a quadratic polynomial of the form

pa(x) =a(x—1)> +b(x—1) +¢

such that:
o m(l)=2
@ m(2)=5
o pi()=1
I,
M
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Example
Find a quadratic polynomial of the form

pa(x) =a(x—1)> +b(x—1) +¢

such that:
° pr(l) =2
@ m(2)=5
@ pj(1)=1

We center the polynomial at x = 1 so the conditions at x = 1 become very
simple.
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@ First compute the derivative:
py(x) =2a(x—1)+b

@ Apply conditions at x = 1:

@ Now use conditions at x = 2:
p(2)=a(1)?+b(1)+c=a+b+c=5

a+1+2=5=a=2

@ Result
px) =2(x—1)? + (x —1) +2
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@ Instead of S;(x) = a;x* + bix + c;, we will let

Si(x) = %(x — P zix—8) i, =t — b
1

@ The derivative is o
S!(x) = %(x—ti) +z
1
@ Notice that we immediately get
> S(t) =y,
> §'(t) = zi,
> §'(tir1) = zig.



@ Since S(x) interpolates (t;11,yi+1) we must have
Sitiv1) =yin

@ Substituting x = t; 1 into

zZ
Siltinn) =Tt — 1) + ziltin — ) + i

2t — 2
= 4+ Vi = Yir1

@ With a bit of rearrangement

Zi+Zi+1—2yZ+1h' ]/z i=0,...,n—1
What type of linear system will this equation yield? I
o =) = = = waQe
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Explicitly writing out this equation for values of i. ..

zi+zi+1—2y1+1h Yi = i=0,...,n—1,
1
i=0: zg4+z1=r9
i=1: z14+zp=n
i=n—1:

Zp—1+2Zn = Tn—1

DA



Explicitly writing out this equation for values of i.. ..

zi+zi+1—2y'+1 yl—ri, i=0,...,n—1,
hi
i=0: zg4+z1=r9
i=1: z14+zp=n
i=n—1: z, 14+z,=r,1
In Ax = b form, we get a bidiagonal matrix!
11 Z0 7o
11 Z1 r
1 1 Z| — | 2
I\
11| [z, Tn_1 NVI
o = = = = 9ac



@ Choose an initial derivative value zg = S’(t).
@ Use the recurrence to set up a linear system

Zi+2zip1 =2— Yir1 — Vi =7
fiv1 — 1
1 1 Z0 ro
1 1 21 "
1 1| |z, T

@ Do back substitution and then compute the spline function with the

formula
z Z;
Si(x) = %(x—t) +zilx—ti) +yi, hi=ti—t
1
GV
NM
O «Fr«=> 2> T 9DACG



@ A system in terms of the spline coefficients is awkward

1 -1 1 0 0 O0f fa 0
0 0 1 0 0 Of|b -1
0 0 00 0 1§ fecf| |1
0 0 01 1 1| |m| |O
0 1 00 -1 0f b 0
0 1 00 0 0]la 0

@ A system in terms of S’(t;) = z; is structured

11 ) 1o
1 1 zZ1| = [n
11 2y T

Advantages:
@ Systematic Tl
@ Smaller linear system NV.[

@ Fast O(n) solve
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Cubic Spline




Definition: Degree Three Spline

A function S(x) is a spline of degree 3 if:
@ The domain of S(x) is an interval [a, b]
@ S(x) is continuous on [a, b]
@ S’(x) is continuous on [a, b]
© S’ (x) is continuous on [a, b]

@ There is a partitiona =ty < t; < --- < t, = b such that S(x) is cubic on
each subinterval [t;, ;1].

Two differences from degree two splines:
@ Condition 4: S”(x) is continuous
@ Condition 5: Each spline piece is cubic
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2
0 SU (x
=~
S1(x)
—2
—1 —0.5 0 0.5 1

@ For continuity of S’(x) we need
So(x1) = Si(x1)

@ For continuity of S”(x) we need

56’(951) = S{' (x1)
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If there are n + 1 data points, how many unknowns does a cubic spline have? I
@ Each component of S(x) has the form

Si(x) =ax® + bx* +cx +d

@ Cubics have 4 unknown coefficients per subinterval
@ n+ 1 data points = # subintervals

A cubic spline has

4n total unknowns

Math/CS 375



@ Interpolation at the endpoints S;(t;) = y; and S;(ti+1) = Yiy+1 SO

2n constraints
@ We need continuous 1st order derivative S/ = S

/
i+1
n-1 constraints

at interior nodes so
@ We need continuous 2nd order derivative S/

_ "
=5

, atinterior nodes so
n-1 constraints

A general cubic spline with n + 1 nodes has

4n-2 total constraints
=] = = = = A
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4n unknowns vs. 4n-2 constraints I

Common options to fill two missing constraints:

@ Natural: S”(ty) =S"(t,) =0
@ Clamped: S’ (ty) =a, S'(t,) =b

@ Periodic: S’ and S” are periodic at the ends
S§'(ty) = S'(t.) and S” (ty) = S" (t)

Key ldea

@ A generic cubic spline is NOT unique
@ Cubic splines are missing two constraints
@ A common choice to use include natural conditions

= o = e
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@ Given n + 1 data points (t;, ;) fori =0ton

@ Assume natural conditions S”(tg) = S”(t,) =0
@ Construct the cubic spline

@ Instead of S;(x) = a;x® + bix* + cix + d;, let
2
Si(x) = 6—;li(ti+1 x)> + 6'—;1( — ;) + Ci(x — t;) + Di(tis1 — ),

@ Set up a linear system for z; = S”(t;)
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@ Notice the formula

zi z;
Si(x) = 6_];(ti+l —x)*+ 61—;;1(96 — )+ Ci(x — ) + Dj(tip1 — x)
two linears
two cubics
@ First derivative
/ Zj 2, Zitl 2
i(X) = =5t — - (x—1)"+Ci—D;
Si(x) 20 (tiyr —x)° + 20 (x—ti)"+
@ Second derivative
Z;i Z;
S1/(x) = (i =) + }Zl (x—1)
PT]‘TI
=] = = E = 9DA@



@ We require these six conditions on the spline

{(ti1) = Sf 4 (ki)
(t) =z
,‘”(ti+1) = Zit1

Qs
Q s
Q S/(t) =5/ (t)
Qs
Qs
Qs

» Condition 5: S/'(;) = z;
» Condition 6: S/ (ti41) = zi41

@ Since 5/'(x) = ff(tiﬂ —x)+ "‘fh—’tfl(x — t;) we immediately have

@ Now we enforce the other 4 conditions
W

DA
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Silx) = g tisn x4+ g — 1+ Cilx—£) + D1 —)
@ Apply Condition 1: S;(t;) = y; to get a formula for D;
yi = Silti) = 62—;;(fi+1 —)° + Diltis1 — t)
= 22+ Dl
D; = ]hiz - %Zi

@ Apply Condition 2: S;(ti+1) = yi+1 to get a formula for C;

Zj
Vi1 = Silti1) = 6_;;_1(1'1‘—0—1 — 4+ Ciltir — 1)
1
2
= %(hi)z + Cihi
" _
Ci= y%q — glzi+l M
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Zj Zj
Silx) = g (b=’ + g

3, [ Yin
o (x—t;) +<

T %Zi+1> (x—ti)+<}yT:: - %Zi> (tir1—x)
@ We know the derivatives
Si(x) = —ZZ—;;U:‘H —x)*+ Zz%(x — )+ Ci —D;

(x—t-1)*+Cii1 — D1
@ Apply Condition 3: S/(t;) = S/_,(£:):

Si(t) = _ézi+1 +Ci—D;
hi_
L) = —

5 4t Ci1—Dia

Y

hi hi Y1
_glzi+1 +Ci—Di= llei +Cio1—Dia A

o, <o = Dac
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@ We have



@ Substitute C;, D; and simplify each side
@ Left-hand side:

hi hi i hi i hi
——zip1+Ci—D; = —gFn Tt (yH - —Zi+1> - (y— - _Zi>

6 h; 6 h; 6
o — vy h h
= W - ngi+1 + glzi
@ Right-hand side:
hi_ hi_
lei +Cii1—Di = ( ) (Zﬁ - %%—1)
_ Vi~ Yina h_ i
P R
r'l'r'l'l
o = = = T 9Dac



@ The simplified form of S/(t;) = S/, () is:

Viri—Yyi  hi hi -~ yi—yia
hi 3 Zi+1 + 6 Zz = g

hia
e

@ Rearranging gives the final equation:

hi_1zi—q + 2(h; + hi_1)zi + hiziq = 6(b; — bi_41),

_Yirr—VYi
b, = —hi
PT]‘TI
o = = = E DA



@ This is a recurrence equation
hi1ziq +2(hi + hi 1)z + hiziggr = 6(b; —bi 1), i=1,...,n—1,

@ Substituting for a few values of i. ..

hozo + 2(hy + ho)z1 + h1zp = 6(b1 — bp)
hiz1 + 2(hy + h1)zo + hpzz = 6(by — by)
hozo + 2(h3 + ho)z3 + hazy = 6(bs — b))

~ -
([
W=

~.

i=n—1: hy2zy 2+ 2(hy1+hy—2)zp1 +hy—124 = 6(by—1 — by—2)

Each equation involves only three neighboring unknowns:

Zi1,  Ziy  Ziy1-




The z; are defined by

hi—1zi—1 4 2(hi + hi—1)zi + hizi 1 = 6(b; — bi—q) =1 v;

@ For natural conditions zg = z, = 0, from S”(ty) = S"(t,) =0
@ Set up a tridiagonal linear system and solve it in O(n) FLOPs

[1 Zo i 0 ]
ho ur Iy Z1 U1
hi uy hy Z3 (%)
hy us  hs z3 U3
hy—s Up—p hy_p Zp—2 Un—2
hy—p Up—1 hp Zp—1 Un—1
i 1 | Zn | | 0 |
uj 2(h; + hi—1) 1
v; = 6(bj—bi1) '
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@ Calculate h; =tiyq —t;, b; = }%(3/"“ —yi)ui =2(hi + hi—1), and
v; = 6(bj — bi 1)
@ Set up the tridiagonal system

1 20 0

ho uy h1 Z1 1
ho—n Un—1 hy— Zp—1 Up—1

1 Zn 0

@ Solve the system
© Construct the spline function

Silx) = %(tm — P+ L e 1) 4 Cilx — £) + Diltis — x)
1

6h;
where I I T,
Yy Y M M
D1 hl 6ZZ Cl hl 6ZH_1 d
o = = e = 9ac



In practice, you do not actually construct a tridiagonal system and solve it
(though it is more convenient). It is more efficient to directly solve for z; in a
loop.

See algorithm in the book for efficient implementation.
@ Compute fori=0,...,n—1

hi =ty —t b = (yl+1 — Vi)

R‘|p_\

Q Setu, v
@ Tridiagonal solve to get z

@ Substitute into the nested form for S(x) equation 12, page 270 NMC7
(NMC6: equation 12 page 392)
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@ Suppose you are given n + 1 data points (¢;, y;)
@ Then constructing the natural cubic spline amounts to solving

1 1T zo ] [0
ho u Iy z1 (1
hi uy hy 23 (%]
hy us hs Z3 U3

hy3 Uy hyo Zp—2 Up—2
hu—2 up—1 hp_q Zp—1 Un—1

i 1 || zn | | 0 |

This is a tridiagonal system. Finding the natural cubic spline only costs O(n)

FLOPs.
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@ Recall this example
@ There are 17 data points
@ That means we must fit a degree sixteen polynomial
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o 1 2 3 4 5 6 7 8
X

@ Polynomial interpolation plotted in blue has large oscillations near the end
@ Cubic spline interpolation plotted in dashed lines is well-behaved

Key Idea

Cubic splines avoid Runge’s phenomenon by using low-degree polynomials
locally instead of one high-degree polynomial globally.

= o = T
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3D Data




@ 3D data consists of a collection of coordinates

(xi, v, 2i).

@ Example: 25 discrete points on f(x,y) = x> + 12

scatter3(x,y,z)




@ A panel created from connecting 4 points is called a face

@ Plotting all faces creates a surface

How can you tell which 4 points form a face?
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@ This format is not great because we cannot determine faces

X1

X2
X =

Xn |

n 21
Y2 22
.1 Z2=1.

n Zp

@ This format is better because faces are implicit

X11 X1n Y1 Yin 211 Z1n
X = , Y= : |, z=
Xm1 Xmn _yml ymn Zm1 Zmn
@ Use meshgrid in matlab
i/x = linspace(0,1,N);
2|y = linspace(®,1,N);
3| [X,Y] = meshgrid(x,y);
4| Z = X.A2 + Y.A2;
o = = = = 9ac



i/x = linspace(0,1,N);

2|y = linspace(®,1,N);

3| [X,Y] = meshgrid(x,y); % X and Y are matrices
4

5

Z = X.A2 + Y.A2; % Z is also a matrix
surf(X,Y,Z)

@ Suppose X, Y, and Z are
matrices housing rectangular
grid of coordinates

@ Function surf(X,Y,Z) plots
all faces based on adjacency




@ You may fit a spline on 3 original data points stored in x and y
2

-2

-1 —08 —-0.6 -04 -0.2 0

02 04 06 08 1
@ Thenyq = interpl(x,y,xq) generates extra points (xq;, y4;)
2

I\

“1 —08-06-04-02 0 02 04 06 08 1 M
¥ O+

= = DA




@ The function interp2 works the same way with matrices

level = 1;

Xq = interp2(X,level,’spline’);
Yq interp2(Y,level, ’spline’);
Zq = interp2(Z,level,’spline’);
mesh (Xq, Ya, Zq)

oA W N =

@ Parameter level controls the refinement




@ A general object can contain
multiple surfaces N

@ Each half is called a patch
@ Access patch with last index

X(,5k), Y, k), Z(:,:k)

X(C:,:,1), Y(C:y:,1), Z(:,:,1) % top half of sphere
X(C:,:,2), Y(:,:,2), Z(C:,:,2) % bottom half

N
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@ Interpolate each patch with
interp2

@ Plot the surface of each
interpolation with surf




shading interp
colormap copper
axis equal

axis off
view(135,25)
camlight headlight
lighting gouraud
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